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Abstract
We assume that the energy-momentum and the scale factor a in the
conformally flat metric are functions of the plane wave phase ωτ − qx,
where τ is the conformal time. We obtain exact solutions of Einstein
equations with various sources (including the inflaton) .
1 Introduction
It is believed that the universe is homogeneous and isotropic on the large scale. It
is not clear how big this scale is. The actual observations show some substantial
departures from isotropy and homogeneity resulting from the presence of the
voids, domain walls, peculiar velocities, the dark flow and the great attractor
[1]. A departure from homogeneity appears not only in galaxy observations but
it has also its marks in the CMB spectrum [2]. It may be that some averaging
is necessary for an application of homogeneous Einstein equations [3]. This
averaging may change the assumptions of the ΛCDM model [4]. The assumption
of the isotropy and homogeneity allows to derive explicit solutions of Einstein
equations. In fact, any symmetry leads to a simplification [5]. Inhomogeneous
cosmological models with a spherical symmetry have been extensively studied
(see the review in[6]). Anisotropic cosmologies are usually discussed in relation
to the Bianchi type models [7].In this paper we make an assumption that the
universe geometry is determined by an energy-momentum of a fluid moving like
a plane wave in a direction q, i.e., that it depends on ξ = ωτ − qx, where τ is
the conformal time. We consider conformally flat metrics (the FLWR metrics
belong to this class [8]). Then, its scale factor a also depends on ξ. We did
not encounter such an assumption in the literature ( see however [9]). If q
ω
is
very small then we return to the ΛCDM model with no conflict with the large
scale astronomical observations. We think that such a travelling wave solution
is interesting for itself. It can be used in more complex models where anisotropic
sources are added to the standard homogeneous isotropic ones.
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The plan of the paper is the following. In sec.2 we derive Einstein equations
for an arbitrary scale factor a(x) in the conformally flat four-dimensional metric.
Then, we assume that the dependence of a on x is in the form a(ωτ − qx). We
discuss solutions of Einstein equations under such an assumption. We obtain
some exact solutions(including periodic ones) in sec.3. In sec.4 we look for
the travelling waves in the Einstein-Klein-Gordon system. In sec.5 we make
the slow-roll approximation in order to derive solutions of the Einstein-Klein-
Gordon system (with an inflaton) in an explicit form.
2 Travelling waves for conformally flat metrics
We consider the conformally flat metric in four space-time dimensions
ds2 = a(x)2(dτ2 − dx2). (1)
Then, the 00 component of the Einstein tensor is [12]
G00 = 3(a
−1∂τa)
2 + (a−1∇a)2 − 2a−1△a (2)
and 00 component of Einstein equations reads (where G is the Newton constant)
G00 = 8πGT00. (3)
For an ideal fluid
T µν = (ρ+ p)uµuν − gµνp (4)
(where uµuµ = 1) the conservation law (T
0µ);µ in the comoving frame (where
spatial velocities uj vanish ) reads
∂τ (a
−2ρ) + 6a−3∂τaρ− a−3∂τa(ρ− 3p) = 0, (5)
where ρ and p may depend on x. If the equation of state of the fluid is
p = wρ (6)
then from the conservation law (5) of the energy-momentum we obtain
ρ = ρ0a
−3−3w. (7)
The fluid (4) under the assumption (6) spreads with the acoustic velocity
√
w
(if w ≥ 0 ) which for the massless particles is just 1√
3
. From the kinetic theory
of (ordinary) matter one can derive the bound 0 ≤ w ≤ 1
3
.
The inflaton equation takes the form
∂2τφ−△φ+ 2a−3∂τa∂τφ− 2a−3∇a∇φ+ U ′(φ) = 0. (8)
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We assume that the scale factor a is of the form
a(τ,x) = a(ξ) = a(ωτ − qx). (9)
The metric (1) is related to the Minkowski metric by a conformal transformation.
For this reason we assume the dependence of a on the Lorentz covariant variable
ξ = ωτ−qx. Then, in the model (2)-(3) the 00 component of Einstein equations
reads (where q2 = q2)
(3ω2 + q2)a−2(
da
dξ
)2 − 2q2a−1 d
2a
dξ2
= 8πGa2ρ(a). (10)
If q = 0 and ω = 1 then we obtain from eq.(10) the standard Friedman equation.
If q 6= 0 then eq.(10) follows from Lagrangian
L = q2(
da
dξ
)2a
−1− 3ω2
q2 − 8πG
∫
daρ(a)a
2− 3ω2
q2 (11)
with the Hamiltonian
H = q2(
da
dξ
)2a
−1− 3ω2
q2 +8πG
∫
daρ(a)a
2− 3ω2
q2 =
p2
4q2
a
1+ 3ω
2
q2 +8πG
∫
daρ(a)a
2− 3ω2
q2
(12)
The Hamiltonian form of eq.(10) is relevant in the discussion of the stability of
the model in a quantum theory [10]. For some aspects of the dynamical system
(10) it is useful to represent it in the first order form. Let da
dξ
= u then
(3ω2 + q2)a−2u2 − 2q2a−1 du
dξ
= 8πGa2ρ(a). (13)
or expressing the ξ derivatives by a we obtain an equivalent form of eq.(13)
2q2
du
da
= (3ω2 + q2)a−1u− 8πGu−1a3ρ(a). (14)
It can be seen that eq.(14) does not satisfy the Lipschitz condition at a = 0, u =
0. Hence, there may be some problems with the existence and uniqueness of the
solution.
From the ξ-independence of the Hamiltonian it follows that the energy is a
constant of motion. Using the constant of motion we can reduce eq.(10) to the
first order equation. Eq.(10)is solved with the initial conditions a(ξ = 0) = a0
and da
dξ
(ξ = 0) = u0. Let K = u
2 then eq.(14) can be expressed as
dK
da
− a−1(1 + 3ω
2
q2
)K = −8πGq−2a3ρ. (15)
Eq.(15) can be integrated leading to the energy formula
(
da
dξ
)2 = K = a
1+ 3ω
2
q2 k0 − 8πGq−2a1+
3ω2
q2
∫ a
a0
b
2− 3ω2
q2 ρ(b)db, (16)
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where we introduced k0 ≥ 0 related to u0 = ±a
1
2
+ 3ω
2
2q2
0
√
k0.
Taking the square root of K we obtain an equation for a
∫ a
a0
dbb
− 1
2
− 3ω2
2q2
(
k0 − 8πGq−2
∫ b
a0
b
′2− 3ω2
q2 ρ(b′)db′
)− 1
2
= ±ξ, (17)
where both signs on the rhs should be considered as a possible solution of eq.(10).
If ρ = 0 then a = a0 = const is a solution of eq.(10) with u0 = 0. However,
there are also non-trivial solutions
a
1
2
− 3ω2
2q2 = a
1
2
− 3ω2
2q2
0 ±
√
k0(
1
2
− 3ω
2
2q2
)ξ. (18)
If ω
2
q2
< 1
3
then a is defined for ξ ≥ 0 with a positive sign. If ω2
q2
> 1
3
then a is
defined with a minus sign for ξ ≥ 0 (there is no solution with the initial condition
a0 = 0 and u0 6= 0). We can define the solution for negative ξ inverting the
signs in eq.(18). If ω
2
q2
< 1
3
then (besides the solution a = a0 = 0 with the zero
initial conditions a0 = u0 = 0) there is a solution defined for any ξ (with zero
initial conditions)
a
1
2
− 3ω2
2q2 =
√
k0(
1
2
− 3ω
2
2q2
)|ξ|. (19)
The non-uniqueness of the solution with zero initial conditions is a consequence
of the violation of the Lipschitz condition for eq.(14). Note that ω
q
for the plane
wave is the phase velocity |dx
dτ
|. The relevance of ω2
q2
< 1
3
will still appear in
subsequent discussions in this paper.
If we have only one fluid then there is only one integral in the denominator
(17) ∫
db
−1−3w− 3ω2
q2 . (20)
It is convergent for a small b if
−w > ω
2
q2
. (21)
If the condition (21) is not satisfied then we must assume a0 > 0. If there are
more fluids then the criterion for convergence has to be applied for each of them.
From the Hamiltonian (12) it follows that the energy is conserved and the
second order differential system can be reduced to the first order form. We prefer
to discuss the equivalent mechanical system (16). Eq.(16) can be expressed as
K = E − V, (22)
whereK is the kinetic energy of a particle of massm = 2 ,conserved total energy
E = 0, moving in a potential V (a) with a ≥ 0 which under the assumption (7)
for ρ is
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V (a) = −k0a1+
3ω2
q2 +
8πGρ0
q2
(3w +
3ω2
q2
)−1
(
a
−3w− 3ω2
q2
0 a
1+ 3ω
2
q2 − a1−3w
)
. (23)
The motion is possible only if V ≤ 0. The solution is determined by the integral
(17) which is now expressed as∫ a
a0
db
1√
−V (b) = ±ξ. (24)
We may include many fluids in V then we have a sum of terms with various
ρ0i and wi (i.e., the sum of potentials a
−1−3wi). Such a dynamical system (on
the positive axis) in cosmology has been discussed by many authors [13][14][15].
However, their cosmological model is different from the one described by eq.(10)
(or equivalent (16); the mechanical system (16) is the same as the one discussed
by those authors but now we have different parameters and different powers of
a). It is known (since Lemaitre [16]) that if the powers of a in V (a) are integers
( less than 4 or reduced to less than 4) then the integrals (24) can be expressed
by elementary functions or elliptic functions.
First, we describe the potentials (23) in general. Then, we restrict ourselves
to a discussion of the solutions expressed by elementary functions. a0 > 0 has
no physical meaning. It just rescales τ and x. So, if a0 > 0 then without loosing
generality we may choose a0 = 1.
Let us assume first that
w +
ω2
q2
> 0 (25)
(then a0 cannot be zero). If
−k0 + 8πGρ0
q2
(3w +
3ω2
q2
)−1 < 0, (26)
then both potentials a1−3w as well as a
1+ 3ω
2
q2 enter V (a) with a negative sign.
Hence, the motion takes place on the interval [1,∞) . If we let a =∞ in eq.(24)
and ω
2
q2
> 1
3
then the integral
∫ ∞
a0
da(−V (a))− 12 = ±ξex
is finite. Hence, a achieves infinity at finite ξex . Note that ρ and |p| tend to
zero if 1 < −3w < 3 and they tend to infinity (”Big Rip” [11]) if −3w > 3.
There will be no explosion if −w < ω2
q2
< 1
3
.
If eq.(25) is satisfied but
−k0 + 8πGρ0
q2
(3w +
3ω2
q2
)−1 > 0, (27)
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then the positive potential a
1+ 3ω
2
q2 at a certain aex such that
−k0 + 8πGρ0
q2
(3w +
3ω2
q2
)−1 =
8πGρ0
q2
(3w +
3ω2
q2
)−1a
−3w− 3ω2
q2
ex (28)
overcomes the negative potential a1−3w. The motion is possible only on the
interval [1, aex] (the kinetic energy K = 0 at aex). So, the motion begins with
the velocity
√
k0 and ends with zero velocity at aex. If we choose k0 = 0 then
the interval [1, aex] shrinks to [1, 1] (no motion). In the limiting case
ω2
q2
= −w,
the potential V is
V (a) = −(k0 − 8πGρ0
q2
ln a)a1−3w. (29)
The motion is possible till ac when V achieves 0. This is the second turning
point (the first is at a = 0). Summarizing, if the inequality (25) is satisfied and
ω2
q2
> 1
3
then a =∞ at finite ξ. If −w < ω2
q2
< 1
3
then the motion takes place on
the interval [1,∞) without explosion.
If the inequality (21) is satisfied then the a
1+ 3ω
2
q2 potential is negative whereas
a1−3w is positive and dominating at large a. We may assume a0 = 0. In such a
case the potential has two turning points ac such that V (ac) = 0. One of them
is ac = 0 the second turning point is determined by the solution of the equation
−k0 = 8πGρ0
q2
(3w +
3ω2
q2
)−1a
− 3ω2
q2
−3w
c . (30)
We have a bouncing solution on the interval [0, ac] with the period T (it can be
infinite if the integral is divergent)
T = 2
∫ ac
0
dbb
− 1
2
− 3ω2
2q2
(
k0 − 8πGρ0q−2(−3w − 3ω2q2 )−1b
−3w− 3ω2
q2
)− 1
2
.
If we have more fluids then the potential V (a) is a sum of terms with various
wi and ρ0i. We need a0 > 0 if the inequality (25) is satisfied for any of these
fluids (then there is no bouncing solution). In general, if ρ0i > 0 then we
shall have solutions with properties listed above depending on the conditions
(21)-(30) satisfied by the particular fluid ( possibly with a finite explosion time).
3 Elementary solutions
It is well-known that some solutions of the differential equation (22)-(23) can be
expressed by elementary functions [13][14][15][16] by means of a calculation of
the integral (24) (possibly with a change of variables). They appear in standard
cosmological models with a different meaning of parameters [13]. In the particu-
lar case when ω
2
q2
= 1
3
our eqs.(22)-(23) (E = 0) coincide with eq.(1) (set κ = 0)
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of Harrison [13] with his parameters ν, λ and Cν related to the parameters in
eq. (23) as follows: ν = w + 1
3
Cν =
8πGρ0q
−2
3w + 1
, (31)
λ = 3k0 − 3Cνa−3w−10 . (32)
(we set a0 = 1 if a0 > 0). Without repeating Harrison’s calculations of the
integral (24) let us quote his solutions. If λ > 0, Cν > 0
a3ν =
3Cν
λ
(
sinh
(3ν
2
√
λ
3
(ξ + ξ0)
))2
, (33)
where ξ0 is determined from the initial condition for a. If λ < 0
a3ν =
3Cν
|λ|
(
sin(
3ν
2
√
|λ|
3
(ξ + ξ0))
)2
. (34)
In the rest of this section let us calculate the integral (24) in some special
cases (beyond the ones of [13])when the powers of a in the potential (23) are
integers (there may be other exact solutions of eqs.(23)-(24) which could be
obtained by a change of variables, e.g., as eq.(33), but we do not consider them
here). If w = − 1
3
(cosmic string) and ω
2
q2
= 1
3
then the potential (23) has
a singular denominator. In this case the potential has the form (29) and the
corresponding integral (24) cannot be expressed by an elementary function. The
case w = − 1
3
(cosmological string), ω
2
q2
= 2
3
can be solved explicitly. Let
α2 = 8πGρ0q
−2, (35)
β = k0 − α. (36)
Then, for β > 0 we have a solution which explodes at finite ξ. If β < 0 then
a =
4α2
|β| exp(α(ξ + ξ0))
(
1 + exp(α(ξ + ξ0))
)−2
. (37)
The next possibility is w = − 1
3
and ω
2
q2
= 1. Let
σ2 =
1
2
α2 − k0. (38)
If σ2 < 0 then a explodes at finite ξ. For σ2 > 0 we obtain the solution
a = 4α2 exp(
1
2
α(ξ + ξ0))
(
α2σ2 + exp(α(ξ + ξ0))
)−1
. (39)
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The case w = − 1
3
and ω = 0 is also explicitly soluble
a =
k0
2α2
(
1− sin(α(qx + ξ0))
)
. (40)
It gives a periodic static space structure.
As the next example let w = 0 (dust) then
−V (a) = (k0 − 8πGρ0(3ω2)−1)a1+
3ω2
q2 + 8πGρ0(3ω
2)−1a. (41)
If ω
2
q2
= 1
3
then the integral (24) can be expressed by an elementary function .
Let
γ2 = α2 − k0. (42)
If γ2 < 0 then
ln
(
2
√
|γ2|(|γ2|a2 + α2a) + 2|γ2|a+ α2
)
= (ξ + ξ0)
√
|γ2|. (43)
If γ2 > 0
a =
α2
2γ2
(
1− sin(γ(ξ + ξ0))
)
. (44)
Finally, let w = 1 (stiff matter [17])
−V (a) = (k0 − 8πGρ0(3q2 + 3ω2)−1)a1+
3ω2
q2 + 8πGρ0(3q
2 + 3ω2)−1a−2. (45)
The solution is an elementary function if if w = 1 and ω
2
q2
= 1
3
. Let
δ2 =
1
4
α2 − k0. (46)
If δ2 < 0 then
a2 =
1
4
α2√−δ2 sinh
(
± 2
√
−δ2(ξ + ξ0))
)
. (47)
If δ2 > 0 then
a2 =
1
4
α2√
δ2
sin
(
± 2σ(ξ + ξ0)
)
. (48)
The choice of signs and ξ0 is such that the positivity of a
2 and initial conditions
are satisfied.
We could still consider a sum of fluids discussed so far. Then the potentials
are sums of an with integer n. The solutions could again be expressed by
elementary functions. For some other values of w and ω
2
q2
such that we get the
potential with integer powers of a the solutions can be expressed by elliptic
functions [16][14][15].
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4 Einstein-Klein-Gordon equations
In the standard inflationary scheme [18] the scalar field is introduced in order
to generate accelerated expansion. Let us first consider this problem using the
ideal fluids Tµν (4). From eqs.(10) and (16) we can calculate the ”acceleration”
a3w d
2a
dξ2
= 4πGρ0
1−3w
3wq2+3ω2
+a
3w+ 3ω
2
q2
3ω2+q2
2q2
(
k0 − 8πGρ0(3wq2 + 3ω2)−1a
−3w− 3ω2
q2
0
)
.
(49)
If w + ω
2
q2
< 0 then the acceleration is positive for small a because the second
term on the rhs is positive and dominating. It becomes negative for a large a
because the first term is negative and the second decreasing to zero for large a.
If w + ω
2
q2
> 0 then the sign of acceleration at large a is determined by the sign
of the second term on the rhs. This sign depends on ρ0
k0
. For small a the sign of
the acceleration is positive if 1− 3w > 0 and negative if 1− 3w < 0.
In the rest of this section we discuss the scalar field minimally coupled to
gravity. We assume φ(x) = f(ξ) then eq.(8) takes the form
2a−3∂ξa(ω
2 − q2)∂ξf = −a−2(ω2 − q2)∂2ξf − U ′(f). (50)
It could be written in the first order form
df
dξ
= X, (51)
2a−3∂ξa(ω
2 − q2)X + U ′(f) = −a−2(ω2 − q2)dX
dξ
. (52)
We have to supplement these equations with the equation (10) for a which
depends on
ρ = T 00 ==
1
2
a−2(ω2 + q2)(∂ξf)
2 + U(f). (53)
The first question concerning the dynamical system (10),(50)-(52) is the pres-
ence of stationary points da
dξ
= 0, df
dξ
= 0, dX
dξ
= 0. This is possible if U(fc) = 0.
An expansion f = fc+xq around the stationary point gives the oscillator equa-
tion for xq (with a real frequency if U
′′(fc)(ω2 − q2)−1 > 0)
d2xq
dξ2
+ U ′′(fc)(ω
2 − q2)−1a20xq = 0 (54)
and if a = a0 + aq then
−q2∂2ξaq = 4πGa30U ′(fc)xq. (55)
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So, a oscillates around its stationary point a0. In general, in eqs.(10),(50)-(52)
we have a four-dimensional dynamical system. It is known that the necessary
condition for the stability of the inflaton equation (52) is
(ω2 − q2)−1fU ′(f) > 0. (56)
However, it would be difficult to establish some general results on a(ξ) without
some approximations or numerical simulations. In the next section we make the
slow-roll approximation.
If U = 0 then eq.(52) can be solved explicitly
∂ξφ = κa
−2. (57)
Then,
ρs = ρ0sa
−6. (58)
Hence, w = 1 in eq.(7) (”stiff matter”[17]). We have found an elementary
solution of eqs.(22)-(23) with w = 1 and ω
2
q2
= 1
3
for one fluid. We can insert
the density (58) in eq.(23) with two fluids
V (a) = −k0a1+
3ω2
q2 + 8piGρ0
q2
(3w + 3ω
2
q2
)−1
(
a
−3w− 3ω2
q2
0 a
1+ 3ω
2
q2 − a1−3w
)
+ 8piGρ0s
q2
(3 + 3ω
2
q2
)−1
(
a
−3− 3ω2
q2
0 a
1+ 3ω
2
q2 − a−2
)
.
(59)
If w < 1 then the Klein-Gordon contribution dominates at small a but the
behaviour at large a does not depend on the contribution of this ”stiff matter”.
The integral (24) can be calculated explicitly if ω
2
q2
= 1
3
and w = 1
3
(relativistic
matter ).
Let
δ2s =
1
2
α2 +
1
4
α2s − k0. (60)
α2s = 8πGρ0sq
−2. (61)
If δ2s > 0 then the integral (24) gives the solution
a2 =
α2
4δs
(
1−
√
1 + 2
α2sδ
2
s
α2
sin(±2δs(ξ + ξ0))
)
. (62)
If δ2s < 0 then sin→ sinh.
5 Slow-roll approximation
We neglect second order derivatives of a in eq.(10) and of φ in eq.(8) and more-
over we set in eq.(52)
ρ ≃ U. (63)
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In such a case eqs.(50) and (10) reduce to
2a−3∂ξa(ω
2 − q2)∂ξf = −U ′(f), (64)
(3ω2 + q2)a−2(
da
dξ
)2 = 8πGa2U. (65)
We require that the terms with the second order derivatives in eqs.(10) and (50)
are negligible in comparison with the terms with the first order derivatives
(3ω2 + q2)a−2(
da
dξ
)2 >> 2q2a−1|d
2a
dξ2
| (66)
and
2a−3|∂ξa(ω2 − q2)∂ξf | >> a−2|(ω2 − q2)∂2ξ f |. (67)
Using eqs.(64)-(65) we obtain that the conditions (66)-(67) are satisfied if ǫ <<
1, η << 1 and
q2
3ω2 + q2
<< 1, (68)
where
ǫ =
1
16πG
(
U ′
U
)2
and
η =
1
8πG
U ′′
U
We can obtain from eqs.(64)-(65) the solution a(φ)
−8πG
∫
dφ
U
U ′
=
1
2
3ω2 + q2
ω2 − q2 ln
a
a0
(69)
As an example let
U =
g
4
(φ2 − µ
2
g
)2 (70)
then
−2πGφ2 + 4πGµ
2
g
lnφ =
3ω2 + q2
ω2 − q2 ln
a
a0
(71)
For a small φ we have V ≃ µ4
4g
. Hence, from eq.(65)
a ≃ − ω
H0ξ
with a certain H0. Then, ∂ta = ωa
−1∂ξa. Hence, a−1∂ta ≃ H0 and we obtain
the exponential expansion. For larger φ2 close to µ
2
g
the slow-roll approximation
is not reliable anymore because ǫ and η become large.
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Consider next
U = g exp(λφ) (72)
Then from eq.(69)
−16πG
λ
φ =
3ω2 + q2
ω2 − q2 ln a (73)
Inserting in eq.(65)
(3ω2 + q2)(
da
dξ
)2 = 8πGa
4− λ2
16piG
3ω2+q2
ω2−q2 (74)
Hence, we obtain a power-law expansion as expected in the exponential model
a ≃ |ξ|α (75)
where
α =
1
−1 + λ2
16piG
3ω2+q2
ω2−q2
(76)
These results are reliable for small λ as ǫ = λ
2
16piG
and η = 2ǫ.
6 Summary and outlook
Our intuition on the cosmological evolution in Einstein gravity is to a large
extent based on exact solutions of the isotropic and homogeneous universe.
Besides the Bianchi class of homogeneous anisotropic metrics little is known
about anisotropic and inhomogeneous evolutions. We have discussed equations
which in contradistinction to the standard ones depend on the phase variable
ωτ−qx. The equations reduce to the standard Friedman equations when ω → 1
and q → 0. However, the dynamics depends in a non-trivial way on ω and
q. There may be no limit q → 0 of these solutions although there is only
a minor lack of isotropy when q is small. The anisotropic solutions could be
useful to test some hypothesis on non-homogeneous and anisotropic cosmologies.
They could also be applied for a description of some anisotropically expanding
inhomogeneous domains inside the universe. We have obtained some static
periodic solutions of Einstein equations corresponding to ω = 0. We did not
expect that Einstein equations admit such a periodic spatial structure. The
inhomogeneous solutions found in this paper should be studied with respect
to their classical stability as well as concerning stability under quantum and
thermal fluctuations if they are to be applied in the early universe. Then, an
application to the question of the bubble formation [19][18]in an inhomogeneous
universe looks interesting.
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